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I. INTRODUCTION 


The structure and performance of digital communication 
receivers Operating in the presence of additive white 
Gaussian noise is widely described in the literature (See 
for example -Ref. 1]. Such receivers are typically designed 
and built to minimize the resulting error probability. 
Optimum receiver signal processing algorithms are obtained 
by application of the Maximum Aposteriori Probability (MAP) 
performance criterion and vector space signal 
representations are generally used in the receiver design 
procedure (Ref. 1,2]. 

The vector space signal representation method is 
introduced and applied to the well-known M-ary Phase Shift 
Keying (MPSK) scheme 1n order to obtain an optimum signal 
processing algorithm using a MAP criterion (Ref. 2]. After 
accoplishing this, the remainder of Chapter [If is devoted toa 
considering certain sSiqnal modifications to MFPSK (for M=8 
specifically) modulation which have not been considered in 
previous analyses. The resulting performance is then 
compared 1n terms of error probability to conventional MPSK 
schemes. The different schemes are compared in terms of 
their average probability of symbol error on the basis of 


each signal set having equal average energy. Two possible 


modifications of the MPSK (for M=8) scheme are analyzed 
first and their performances compared Moe timict “Ot 
conventional S-Fse modulation. Next, S-ary modulation 
schemes involving eeabines amplitude and phase modulation 
are considered. The performance analysis of the modified 
schemes point to the complicated logic and corresponding 
signal processing algorithms of the optimum receiver 
structures. Consequently, suboptimum receiver signal 
processing Screen are presented so as to simplify and 
reduce the complexity of the optimum schemes. The resulting 
degradations in performance are analyzed and discussed. 
Chapter I[1 concludes with the analysis and performance of a 
modified GPSK modulation scheme, in which five rather than 
four signals can be accomodated by using the signal that is 
identically zero to convey information from transmitter to 
recelver. 

All phase modulation schemes considered in Chapter [I 
exhibit performance penalties as M increases. By utilizing a 
combination of multiple amplitudes and phases to transmit 
each of the M symbols, some of the performance penalties 
described above can be lessened. One example of this kind of 
modulation techique is the well-known M-ary Quadrature 
Amplitude Modulation (QAM) described in many references 
Eeef. 2,5,41]. In order to provide the necessary background 


for Chapter IV, the performance of M-ary QAM schemes for 


M=16, 64 and 256 is presented ium Chapter III, and the 
results are compared to equivalent MPSK signaling schemes. 
The results on the performance of the digital 


communication receivers analyzed in Chapters II and III were 


obtained under a white Gaussian noise interference 
assumption. This assumption is invalid when receivers must 
operate in a jamming environment. In Chapter IV the 


vulnerability to jamming of a 16-QAM receiver designed ta 
operate in white Gaussian interference only environment 15 
analyzed. The jamming is modeled as a colored Gaussian noise 
process with an arbitrary power spectral density. im 
mathematical expression for the performance of the 16-@AM 
receiver operating in the presence of white Gaussian noise 
and the jamming described above is developed evaluated and 
compared to the performance of the same receiver operation 
in a white Gaussian noise interference environment only. An 
attempt is made to optimize the jamming interference 
spectrum under an overall power constraint. so as to 
rntroduce a large receiver performance penalty. 

Some design trade-offs are discussed and performance 
comparisons are carried out. Graphical results are presented 
In each chapter and the performance curves are interpreted. 
Chapter V presents some of the major conclusions that can be 


derived from the analysis and the results obtained. 
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II. PERFORMANCE ANALYSIS OF SOME 8-ARY DIGITAL SIGNALING 


— 7 


SCHEMES 


The optimum receiver design problem involves finding a 
structure or siqnal processing algorithm that is best ina 
certain sense. The performance of such a structure or siqnai 
processing algorithm, defined in amanner consistent with 
the meaning of optimality, must be determined. 

The basic M-ary receiver design problem considered in 
this thesis, can be stated as follows. 


One of M signals Ss, (t) is transmitted, 1=1, 2, ...,0 


over a certain time interval of duration T sec. [Ihe 
transmission channel is modeled as an additive white 
Gaussian noise (AWGN) channel so that the received signal 


can be expressed as 


y(t) = s(t) forme) (GT coteales 


where ont) is a sample function of the AWGN process having 


pOwer spectral density (PSD) level N/2- Each signal Ss, ¢t) 


can be expanded in terms of an orthonormal set of functions 


{ , (0) +>, themselves defined for t € T, such that 


fS 


= aie 
(t) : S27 5, ot) 6 Ct) dt ) 


It can be shown (CRef. 1] that for the signal and noise model 
being considered, any receiver with a reasonable optimality 
criterion need not process yt) as such, but can operate 
onty on the ote of yft) along the elements of the 


orthonormal (O.N.) set of functions ¢ b(t) +. That is, the 


receiver need only process the elements Y where 


teu! 


YS y toe ae . e2 —e. Se 
T 


so that a typical receiver could incorporate the system 
shown in Figure Z.1. 


The components of the transmitted signals Ss, ¢t) and of 


the received signal y(t) along the elements of the Q.N. set 


can be expressed in vectorial form as follows: 


i< 
lI 
ern 
ae 
ae 
< 
Lind 


(2. 
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Figure 2 
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=nd Receiver S 
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a 


The channel model allows specification of the M 
conditional probability density functions CD .:cl te 


ae (Y/S.) i =. 1525) cae eee Tt 15 assumed that the 
-— =] 


priori probabilities ¢ Pr(s. (t)d > = ¢ Pp, s specifying that 


a particular signal S(t) lis transmitted, are known for 
1 = ts Ze e a eo 4 M 
A maximum aposteriori probability (MAP) receiver 


decides that S$, (tb) was the transmitted signal, if upon 


reception y(t) 1s such that 


Pr¢ S, (t) / ¥ ON 30° > BEee Ss, (t) fy = ¥ } (2.4) 
for all 1 #1. Using Bayes rule, 
i js,‘ rae Sj? - Py 
Pr{os.(t) //y = ¥ ) =)>-_-- 2 oo can , (2asn 


The decision rule employed by the MAP receiver and specified 


by Equation 2.4 can thus be written as, 


Py 


I< 
N\ 

In 

U 


The decision rule oF Equation 2.4, implies a 
partitioning of the entire KF dimensional hyperplane into M 


disjoint regions, { Ti. Whenever the received vector y is 


contained in “I the optimum (in MAP sense) receiver 


l 9 


decides Ss, (t) was transmitted. The regions tI is are called 


Optimum decision regions. 


From Equations 2.1 and 2.2, if Ss, (t) is the transmitted 


Signal, the kth component of y 1s given by 


* 
“kf Cs, (t) weet te 8 >) ft) dt = Sik + Nu (Zar t 
where 
~ iste 3 
Sa Sf om (¢t) b(t) dt : a : sie she 
r ‘ 
.2. 3) 
The elements WN kK =i, 2, . .«. « 5» K can be conveniently 


aad 


used to define a noise vector n, where 


Pe 
it 
rm 
z= 


Lo 


The received vector y can therefore be expressed in the form 


er OM are eae 2 ie Ne 
a mere eae ie (22 
Thus, the conditional probability density functions 
fs. (¥73,) are given by 
Sa 
£ (Yo 72S) { ¥ = S27 S$ 2) =et eo (2 oe 
y/sS = = n/s. a at =) ee = 


where the last equality is made possible by the fact that n 
and S$, are Statistically independent. The decision rule of 


Equation 2.46 therefore becomes, 


the: °0.-d.5. ta N) can be specified by observing from 


the WGN assumption and Equation 2.7 that the components of n 


are statistically independent, 2e8r0 mean, Gaussian random 


variables, with equal variance of NP / 2. Therefore 


nee on : i SS 7 N N 3 (2. 13) 


2 7 oe 
n ao N, /2 yRSe N 7 
where 
i ee 
N N=r NO = | NI (21) 
—- — he — 
k= 

so that 
€f (¥Y —- §.) = ee eee expt- a | ¥ - § “3. (2 wi ) 
n 1 (24 N./2 y RSS oe N72 i 


The decision rule of Equation 2.12 can be simplified by 
using Equation 2.15 and by eliminating the equal terms oan 


both sides of the inequality, after taking logs. The resuit 


1S given By 
= 5 2 o 
|| ¥ ~- S, | =o In(p,) < | ¥ = S. || ae in(p. ) pent c,) 


i) = eens. sg I gi meteete ok. 
Whenever all signals have equal prior probability, the 


optimum decision rule of Equation 2.16 states that S, ‘t) 1s 


decided upon as the transmitted signal if and only if y is 


closer to 3] than to any other signal in Euclidean distance 
sense. The conditional probability of correct decision can 
be expressed in terms of the decision regions ¢ Tid as 


follows 


Perea ey S, (t) ,  — Pe. yee t. 7st) 3 


= J sya SNe 3? ay 
a 
= s f ( Y - §.) daAY . (2 ee 
I a we 2 = 


The probability of error is therefore given by 
M 

Pre € f= 1 Sse ee Pere S(t) a Bae ao ee 
1 


Due to the result of Equation 2.16, the cptimum decision 
regions are obtained by defining the PERPENDICULAR hyper 
Planes bisecting the " lines " connecting the signals. This 
1S eaSily done as well as visualized when the siqnal set 1s 


two dimensional, 1.e., K = 2. 


Seeri-aeyY PRASE SHIFT KEYING ¢ MPSK >) 


As we previously indicated, the received signal y (t) 


: takes on the form 


y (t) = Ss, (t) ams) Oe ere ee 


where for MPSK modulation 


= a — 
mts = ¢ PEs Tt? , 20_k_t Ve les) 


Here n(t) is a WGN process of zero mean with power spectral 


density level N, 7 2 . Using a simple trigonometric identity 
we can express Ss, (t) in the form 
1/2 Poa cos (2fT i e5) 
Ss, (t) = (EB) os aca JRE REST 
(wie) 


a ried Sin.t2an fF. t) 
Ces ae oe eee! eee eee Cet 


Letting 


cos (2m f,t) Sin (2 Ae) 
$, (tf) = ---------=5- 5 b(t) = meee a2 === (2.22) 
7 ; Cy 
Oa eee 


we can see that , (t) and >, (0) form an O.N. set, so that 


any signal in the set can be expressed in the form specified 


by Equation 2.2, with: 


The signal vector and decision region I. for the ith. 


signal is shown in Figure 2.2. 
Due to the symmetry of the signal set, the error 
probability associated with the MAP decision rule can be 


obtained by determining Pri CC / S, (ft) + only. For “tine 


two-dimensional case, using the decision region shown in 
Figure 2.2 15 obtained by application of the "Perpendicular 


bisector” rule. Clearly 





(b) 


Figure 2.2. a) Signal-Space Diagram for MPSK Modulation 
b) Decision Region for i th Transmitted Phase 


However, from Figure 2.2(b) 1i1t 185 apparent that y ¢ I. if 


*.. — 4 yee — a < < _t_ 
Ny > (E) and ¢ Ny tan ™ ») < N. oe a N, tan ™ ) 
Since Ny and No are statistically independent, 
Pré C / 5, (t) } = PrEN, > = Te 
= _T_ g _o_ . 
( Ny tan im ») < N. a Ni tan mM ae 
= Pr€N, > - (oo 
Prt- ¢ N. tan -2- ) < N. < ¢€ Nl tam —coueee 
i M eZ 1 ™ 
(22258 
Since Ni and N. are zero mean Gaussian r.v.'s of 
Variance N, 74 ; 
@ 
PrN, > - (2)* 473 = ; ae ee 
7 ? 
2 
expt — ny je (N72) 3 dn, (2.26) 


Ze 


and 


Pr{ ~- ¢( N. tan 


nm tan(nm /M) 


1 
9 ( 29 N./2) : 
— é p 4, =) SA 
exp ¢ nA P WEN N,/2 yas dna. C2? 


Thus 


Pr<C/s.(t) }=2 i/i2m 


Pee 
i 


exp ime (ll = occ)  / ae 


u tan (77/M) 


f ean 
0 


ae exp =o dv du. 


(25-220) 
Since all decision regions t. 


are Similar form, assuming 


that all signals are equally likely, we have 


M 


PM ye oP ree 4/ S, (t) +> = Pri C /s 
i=i 


lo 


©? : (2629) 


so that 


A 
Pet ¢ 3 3S 1 = Pr OSes oe ee a eee ee 
or equivalently 
~ vee 17 2 ee 
Pret ¢ = [= Spe ee exp VOSS ead) ) fa 
0 


C 1 = 2 erre*( Uo tan 7 heel. (2.592 
This expression for Prt¢es has been extensively evaluated 


for values of M that are of the form, M = 2". In the 


sequences alternate signaling schemes will be proposed, and 
their performance compared to the equivalent MPSK scheme 


analyzed in this subsection. 


B. RECTANGULAR SIGNALING SCHEME 

AS a possible modification of the MPSE (for M = ®) 
scheme, we now focus on a method which because of the signal 
space diagram (as shown in Figure 2.3) we have called the 
"Box" signaling scheme. 


We can easily define energy of the signals in terms of 


parameter A shown in Figure 2.3. Signals Sy Sy — 5, 
have energy Ac Signals a Ti =e 5, have energy ae The 
average energy of the signal set —E is 

E=1/8C4A +4(2A8°) 1 = 3A 7 2. (2. Sip 





—= 


Figure 2.3. Signal-Space Diagram for Rectangular 
Signaling Scheme 


Zo 


For later comparison purposes, 1t 1S desireable to make this 


Signal set equivalent to 8S-PSK, By requiring both sets to 


have the same average signal energy €E. In order to 
accomplish this, since — = E for MPSK we need 
E=E = 5/2 A -aeemccey eee (2aSmp 


From Figure 2.4(a), 1t can Be seen that there are two types 
of decision regions. The decision regions associated with 


the determination of the probability of correct decision 


given So Sy So 9 and Ss, were transmitted are similar. 
Observe that 

Pr Cs Ss, (t) > = Prt Ny y= As 2 No DAS ae. coe (223520 
Since Ny and No are statistically independent zero mean, 


N, / 2 variance, Gaussian random variables, we have 


Pr{ C / s,(t). & = Pret N. 3 S0A7 2) er ee, 


1 1 Fs 
@o 
cf ee 
=(A/72) (21 (N, 72)) 
2 2 = 
exo <=. 72 CN, FZ ses ae (2.34) 


/2 


A 4 . 
= x JN 72) » SO that from Equation 2.32. 


Let y 


WS. 


A/2 


" 
KC, 
CK" 


4 





Figure 2.4. a) Decision Regions for Rectangular Signaling 
Scheme b) Decision Region for Signal Ss, (t) 


We obtain 


; wo 2 2 
We 
PréC/ s(t)? =f ee Ce 
Sey one 
0 
+ 
= Cerfc*( - (E/3N,) ae (2.35) 


The probability of making a correct decision for the second 


group of signals (Sy) Sur S,9 5S, >, Can be determined by 


analysis of the decision regions shown in Figure 2.4{b). It 


1s simple to verify that 


PriC/s (tds = Pr a= WA ee Ni SCA7 22 is) oe (N+ Ad < Nuo« ON ieee ae 


Pr€ N, > -(A/2), -(A/2) < No < A/2}. (2.36) 


The first joint probability is given by 


Ny 
—(A/2) ‘ n° fio wee= 
f \ Sa osaee ie Se : 
on (2a Nee 
2 oe 
(n +A) : -n, / 2 -5- 
ff OS |) eS Wace = i dnodn, = 
= (anise) (2nN, /2) ~ 


i 
ble erfet( y+ {46 7 SN) a aly ieee) 


while the second joint probability, 1s given by 


= e —_ 
o mn, 720N, /2) 


A/2 ; —n, /2(N, /2) 
if —a eee ee iy. = ban, dn, = 
—-A/2 (2 N72) 
wo chee 4 
= Er f ---5-7- e ” ‘ii Ee erfcw((E/3N,))/?) 3 dy 
- (E/SN, > (21) 
y, /2 


ey = erfcx((E/3N,) Seep ears erfc*((E/3N, )” Peete, 38) 


Thus 


Pr{C/s_(t)} = [see = - 
8 Brae LNs (2_) 


7 


[1-2 erfcx( y + (46 / 3N)° "J dy + 


L 
(J 


2 ine erfc#((E/3N 477] Ee erfce((E/SN, “793 , (2 een 


Assuming again all signals to be equally likely, we have 


Bite ss) Se -2- C4 Pric/s, (t)> + 4 Pric/sa(tied. (25403 


Defining 


Meh.. SR 
0 
we obtain 
1 1/2 2 
Pr{g p= i - -m- 0 C erfex(—-(Rd/6) le ee 
RG 7a ae ay? 2 /2 
y ao ee “Ci-Zerfce (y+ (2Rd/3)/*) Idy 
=(2/35 Rd) (2q3 
L 
+ erfce (=(Rd/6) 1 tee eee me eee if .  ~¢aeane 


Evaluation of Pris} as a function of Rd 1S carried out 
im the sequel, and the results compared to those for 8-FSK. 
It must be pointed out that the MPSK signaling scheme 
suffers severe performance degradations as M increases 


because of signal “crowding”. This can be overcome by 


increasing E—, or by modifying the PSK scheme slightly to 
include signals other than just phase modulated signals. For 
>instance, the 8-FPSK scheme could allow for 7 phase modulated 
signals and 1 Signal that is identically zero. This is 


analyzed next. 


C. S-ARY PSK WITH ONE NULL SIGNAL 

We mow consider the performance of a signaling scheme 
having a signal space arrangement as shown in Figure 2.5. 
Observe that the phase angle between "adjacent" signals is 


mow greater than that encountered in S-PSK. The average 


energy E of the Signal set is 
a ~2- (7A +0) = -S aA’. G2na2)) 


If this signal set is ta have the same average energy as 


that of S8-PSK (Average energy E = &£&), we must have 


“A= (Be vy 7 “2. 


(2543) 
Observe as a result of this that the non zero siqnals 
associated with the scheme under consideration have greater 
energy than the 8S-PSK signals. 

The optimum decision regions associated with the scheme 


under consideration are identical for the signals s 


, Chrough 


= 


7° One such decision region 1s shown in Figure 2.5. The 


decision region shown in Figure 2.6 and used for calculating 


Prftc/s, (t)? 1s obtained via rotation and translation af the 





Figure 2.5. Siqnal-Space Diagram for (7+1) PSK Scheme 





Figure 2. 6. Transformed Decision Region for 
Calculating Prf{c/s, (t)s 


S16 


decision regions shown in Figure 2.5. It can be demonstrated 


that the evaluation of Prec/s, (t)s for any signal Ss, t), is 


insensitive to such rotations and translations. From Figure 


2.6 it is simple to evaluate Pric/s,(t)}, since 


1 


Sie Wego 
aa. GC / S, °t) > = Pr¢t Ny 2 57 
-( N, + a) tan -8- ¢ | ¢ tN, + A) tan —2-2. 
E aie ee ee i a 
(2.44) 
Since N and N are statistically independent, zero 


1 2 


mean, N72 variance, Gaussian random variables, we obtain 


3 ; =ni /2 (N72) 
Pric/s, (t)s = i a ea ne a 
~A/2 (2 N. /2) 
(n, +A) tan (a/7) ; -n5/2(N, /2) 
PO = = = =~ PE e dnodn, P 
—(n, +A) tan (m/7) (2 N72) = 


Through the change of variables 


Prf{c/s, (t)} = p aent = SRS oe 


i 
-A/2 (N /2)?7? = §4™) 
Q 


CLi—-2 eFrtce y= oS ») tan le Gioa (28 For 


Fimalbly.. Free c/S, (t) + can be obtained by evaluating the 


probability that the noise vector nm is contained in the 


region diagrammed in Figure 2.7. Due to the symmetry of the 


problem, this can be obtained by multiplying fourteen times 


the probability that n is contained in the shaded triangle. 





PiLGuire. 2.7. Transformed Decision Region for 
Calculating Pr{c/s, (t)3 


Thus, 


Ree eee oe New N tan (1/7) 


a 2 it 


Pric/s,(t)s = 14 Prf{O<«<WN 


A/2 azar 2) 
1 1 Q 
= 14 P a iv. = 
0 (27 N, 72) 
n,tan -3- ; =ne,/2N, /2)° 
tie) &€ nae 750 i dn, dn, 
0 (2 N, 72) 
1/2 
A/2 (N72) i ey 
see Sys 
Q (217) 
1 T oe 
{ “37 7 erfc#(y tan “z7) 4 dy (2.47) 
From Equation 2.350, we have 
Prf{ c= -2- Ca Pric/s, (t); a Pric/s (tii (2.48) 


In order to express the probability of error in terms of Rd, 
the signal to noise ratio, Equation 2.435 can be used in 
conjunction with Equation 2.46, Equation 2.47 and Equatian 


2.48, so that 


SF 
= (2Ray 7) ae a 


Ci-2 erfcxtty © (GRd/7) °) tan W/Z 


(Snes 
+ fo ee ee 


C1 - 2 erfc*( y tan = )] dy (2.49) 


where Rd = 2€E /£ N, 2 


These mathematical results given by Equation 2.20 for 
MPSK, Equation 2.41 for the "box" sigmaling scheme and 
Equation 2.49 for the modified 8 PSK are now used to 
Graphically display the performance of the MAP receivers 
when the channel interference can be modeled as AWGN. The 
results on probability of error are shown in Figure 2.8 and 
graphs as a function of signal to noise ratio (Rd). The 
graphs show that 8 PSK tends to perform worse than the other 
two schemes considered. However, this must be weighed 
against the fact that the more complicated and dissimilar 
decision regions associated with the modified signaling 
schemes necessitates more complicated decision logic in the 


receiver implementation. 
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D. MULTI AMPLITUDE MPSK MOLVA tt Ghassan 
Consider a situation in which the signal space diagram 
of an eight equiprobable signal set 1s as diagrammed in 


Figure 2.9. In this arrangement signals S,> 3,9 S.5 SS, have 


2 


; 2 
energy Ry and signals S,7 Sys 3,7 3S, have energy Ro: The 
average energy E of the Signal set 1s given by 

= 1 2 2 i 2 2 
a So = aoe 
= qg °‘4R, 4 Ro? a © R, + RS? 
If we let, R, = R, + ¢ and require that E = E , then 
2 g 
E = Ri + ne haa 
This implies that 
2 1/2 
R — Tug 2 Se See (2.50) 


Since R,must be real and non-negative, we must Nave 


A=) eG ? eee) 


and 





Srgure 2.9. Signal-Space Diagram and Optimum Decision 
Regions for Multi Amplitude MFSK 
Modulation Systems 
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-¢ + ( 46 -¢° ) 2. no + £ <i 26) : 


Therefore ¢ 1S constrained to the interval 


1 
Oo 2 eee (2.51) 
" f 
since (Zee age C=) Lea If we define a normalized 
variable gts where 
A 
sae a (2. eee 
(26) 
then 
OF 5 Se aa (2oaee 
The performance of this signaling scheme 15S now 


considered. The analysis 1s somewhat complicated by the fact 
that the optimum decision regions are odd shaped = and 
dependent on the parameter ¢’. 

Now we can focus on performance. The probability of 
correct decision associated with the transmission of signals 


Sia .? So Ss, 1S first considered. Because the 


corresponding decision regions are similar, only one case 


need be considered. 


+4 


1. Derivation of Probability of Correct Decision Given 


That s, Was Transmitted. 


The decision region for determining the probability 


= were 


of correct reception given that SS» 5.» SS» &§, 


trasmitted is illustrated in Figure 2.10. 
The probability of making a correct decision, given 


that Ss, ¢t) was transmitted, Pr¢{ c/s, (t)s, 1S given by 


Prf{c/s, (t)} = Pre ieee Nea ee ar (N+ R,) < N, < CN, oS oe ve 


PriN, > f, -C(N -f) tan(45-a)+al ¢ N, ¢ CON, -#) tan(45-g)+tal3 


where * = =a eas a. When Ry > a, f 18 negative. 
Since Ne and A. are statistically independent, zero 
mean , N72 variance Gaussian random variables, the first of 


the two joint probabilities above becomes, 


f =n /2(N 7/2) 
iL 0 


i/2 
a, (21 No /2) 





Flour e 221 Transformed Decision Region for 
Calculating Pric/s, (t)s 


U6 


i /a 
a 
} , f/(N./2) a 
Neale ee 
az 0 
Ny 
bi] er tet yy) + uma > 1 JI}>dy C2 a) 
(N. /2) 


S ee es a i Q 
f (2 No.2)” 
Cin, -f) tan (45-8) +a] ‘ 
J See 5 
—C(n, ~f) tan (45-B) ta] (2 N, 72 
2 
=e tN -/ 2) 
9 0 
= dn_dn = 
2 i 
f/ iN 2° 7? ie 
f a 
Pelee erfert(( y — ——=-——-— Tey ean eS  — — — —— 173 le Gay 
(N. /2) Nines 2)° 
(2.56) 
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In order to be able to express probability of error 
necessary to correctly identify the parameters in Equations 


2.9009 and 2.356. From Equationy 2.5: veena 


- 1/2 
and defining the signal to noise ratia Rd, by Rd =(2E/N, ) 


we have 
A R 
oS no = 26°04 (eee 9 Ree (2.5% 
(N #2) 
0 
The angle af 8 can be defined in terms of ¢°. In Figure 
Beatle 
KS, = KS, tang 
R,S, = ns = KS, tang 
Boe — Bis cos4s = ay cos4S tan®é. 
R 
Mens = Ga --=*- - 1 (2.58) 
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sO that 
tang = (2) ( --<2+---- ») — 1 = (2) age et a )—- il. 


From Equation 2.51, tanB now becomes 


. 1/2 
ie 
tanp = (2)*%* ¢ -£-*427§_)-_—_- eet x (2.59) 
=e fC 2 6) 


Looking at Figure 2.190, the triangle defined by vertices 


PS, K has angle of EPS, = 2B so that 


KS R, cos4s5 
: 2 i 
Sin 28 = --- = = SS 
PS, 
or 
ee 
(2° /* sin(2p) 


Using the trigonometric identity, 


—e 
Sin (2 6) === — = ————— 
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we have 


R 2 
a0 oe _i_+_tan_B_ 5 
1 = aye ( 2tang ) (2,60) 
and 
A m 2 
i= ----+-=5- =p ¢ -+-7_£20_£___ Ne (2,61) 
(N72) ce tans 
Since 
a= 1 sin ( 2B - 45 ) 
and 
: a 
a ee ee (2.62) 
(Ni97 2) 
we obtain, 
A ¢ =i + a 
Fs e-em eee «= Cl Ott CA. (267 
(Nn. /2)* 7? (Nae 


It 1S now possible to put Prt c/s, (t)3 in simpler form, 


namely 
Prf{c/s, (t)3 = [SS = Ci-2 erfc#(y+D)] dy + 
1 =v 2 = 
{. =Se-S—— = e Li-2 erfet( (y—-F) tan (45-2) +A) lave 


(2.64) 


2. Derivation of Probability of Correct Decision Given 


That S, Was Transmitted. 


ee ee 








The decision region for determining the probability 


of correct reception, given that S,> Sys Ss 5S, were 


transmitted, is illustrated in Figure 2.11. 
The probability of making a correct decision, given 


that s, (t) was transmitted, Prt c/s, (tia, is given by 


Beee7=, (t)3 = Pr{ N.> —1, —(N, +1) tane < N, ¢ (N, +1) tana 3 


ae Ip ee ee oe oe ee eee et = 
a] (29 N /2)°”? 
fn. +l) tang An /2. 
1 1 
So a ea a ae wo e dn, dn, 
—(n, +l)tang (27 N72) 
= 1 
= f a C 1-2 erfc*((y+lL) tang )J dy (2.635) 
=. (27) 


where L 1s defined by Equation 2.641. 
Tt 15 mow necessary to return to Figure 2.9 and 


investigate how the decision regions change as a function of 


changes in ¢’. AS can be seen when ¢’° increases, aa becomes 


a1 





PLgu@r oe. 2.71 1. Transformed Decision Region for 
Calculating Prtc/s, (t)s 


smaller, while R, and B become larger. [f we focus on the 


1/2 


special case where a =— nt) R, - We have from Equation 2.538 
Q 
tan B = il 4 B= 43 
and 
Bi R, 
ee ee oe oc. 
| cay = ss 


where the second equality in Equation 2.66 is due to our 


R 
4 , : 
assumption that -=*- = (2) A Furthermore, this assumption 
4 
implies that ¢'° satisfies 
eye ee ye 3) = 4) 
or equivalently 
€ = .2591 (2.07)? 


due to the fact that a Dey ¢ and R, is given by Equation 


2Z2.gi. It can be seen without a great deal of difficulty that 
this special case results ina signal constellation of the 
form analyzed in Section B, and labeled “Rectangular” 


Signaling scheme. 
It ¢' 18 allowed to continue to increase, B exceeds 


45 , and the decision regions change to the form shown in 


Ch 
tN 


Figure? (221 2. This figure illustrates just one quadrant of 


9 
Figure 2.9, for B > 45 . In Figure 2.9, observe that 


tan(B — 45) 


and using the trigonometric identity 


a> SSEen bees 
tan (80> 4S ee cane 
we have, 
2 b 1 + tanB 
gs 7h. > Aue ae == eee (2.68) 
(N. /2) 2 


where A is defined by Equation 2.462. The shaded area in 


Figure 2.12 shows the optimum decision region for signal S,- 


When s, is shifted to the origin Equation 2.64 can be 


modified to account for the different decision region of 


hJ 


PV@ur Ge 4 -2e-l a. The probability of correct decision tor soe 


1 


ee {c/s, (ts 1S given now by 


F 2 
eee 1 my ao 
re ee i = E1l-2 erfc*ty+D) 1 dy =] 
4 1/2 
= (21) 
F+B 

1 ay ie - 

i, Ti ag ae Ci-2 erfc#¥( (y-F) tan (45-—B) +A) Jdy. 

F C22 {1 


(2. Gee 





@eoure 2.12. Transformed Decision Region for 


0 0 
Calculating Pric/s, (t)3 (Soe ee << 190 ~ ) 


Sa 


For B = 43, the decision region for signal s, must also be 


modified and reanalyzed. In Figure 2.153 this situation is 


depicted, where 


Vi= =PeeeO va Ch) ) : cosg 


Using Equation 2.62 and Equation 2.468, we Nave 


£ 
Se ae ee (2(tan’® B ole) i cosé 


(S207 on 
The probability of making a correct decision, given 


s, (t) was transmitted, given by Equation 2.65 now becomes, 


‘ae eZ 
Préc/s. (t= e ” ’“(1-2 erfc#(y+L)tanB 1 dy + 
1 1/2 
=z (27) 
@ < 2 5 
S ~--+-=-+- e” 1 een erfc*(y+Dte_° (2 ee et aye 
V (21) 


(22 


The derived conditional proabilities Of correct 


decision, denoted by Pri{c/s, (t)s and Pric/s, (t)3, are now 


used to obtain the overall probability of error assuming all 


pj 





Figure 2.13. Transformed Decision Region for 


0 
Gabe bata Wier Ce soe oe oe 0 a? 


a 


siqnals are equally likely to be transmitted. Thus 


ll o 


uw 


=e ee 


— 


= Se -3- Beg cee) 46) meena aecee (2.78 


0 
which takes on two forms depending on whether, B<«< 435 or 


0 
B > 4S. 


Using Equations 2.64, 2.65, 922559. “and 2.7. aeee 


Equation 2.72, we obtain Pri¢cs as a function of ¢’and Rd, 


Cy ami =y* /2 
Pr{g}= 1 - 0.5 foo cccsense e ” Ci-2 erfcx*(y+D)] dy + 
1/2 
-D (217) 
ce 1 we = 
if Sa fi-2 erfc*( (y—-F) tan (45-62) +4) dae 
a (21) 
o 2 
ih ---=-255 e ” ae fl-2 erte# (yl) cams ) Ivday 
1s (21) 
(2. 7a 
FOr “ewe ood ( B 2445 28 


in aa Eve Zz 
Prfe}= 1 - 0.5 Se ae " Ci-2 erfc*(y+D) Idy + 
ie (217) 
F+B 2 
1 =Vonos 2 - ie 
f Sees [1-2 erfc*( (y-F) tan(45-8) +A) Idy + 
= (21) 
x i - my” /2 
S Tt wre ¥ Ci-S erfc#(y+Li tangs J dy + 
at (2) 
@ oe 
f ---4-=-= on tteeweerew(yeore (2 ed) ° FT dy 
V (2) 
(74) 
—_ ee Q ¢ 9 
Mor .2391 < ¢’< 1. (45 < B< 90>). 


Equation 2.73 has been plotted in Figure 2.14 
showing the probability of error versus signal to noise 
ratio (Rd) for different values of ¢’. If ¢’ 15 equal to 


zero we have R, = Ryo so that Equation 2.73 yields the same 


performance curve previously evaluated for 8-FPSK. When ¢' is 
allowed to increase up to the value of O.2391, the 
probability of error decreases for a fixed value of Rd. As 
mentioned earlier for ¢°=0.2391 we have the "box" signal 


constellation and the performance curves substantiate this 


7 
4 


A LER, 


af 
4 


COMPARISON OF ‘PHI 


Figure 2.14. 





‘ i ] } 


Comparison of Frees 


UYT Yd 


Di 


SNR 


14.0 


| ‘ ' ‘ t prbl ’ ! 1 


QT 


Performance for Multi 


Amplitude MFSK Modulation (O < ¢’ ¢ 0.2291) 


60 





result. If o continues to increase, better system 
performance is observed up to the value of abaut ¢°=0.4. [t 


has been observed that Pr{¢gi start to increase for fixed 
values of Rd as ¢’° increases beyond the value of 0.4. We can 


observe the behavior of Pri¢gs as a function of ¢° and Rd in 


Figure Bae cls It is not surprising that there is an 
imcreasing deterioration of performance as ¢'3 1. With 


imcreasing ¢°', four out of the eight Signals "collapse" to 
the origin while the remaining four signals achieve their 
maximum energy. With four signals being essentially equal 
(of zero amplitude) one must expect that these signals 
cannot be discriminated at the receiver so we must expect a 
high error probability under these circumstances. 

E. MODIFIED MULTI AMPLITUDE MPSK SYSTEMS. 

The analysis carried out in section D of this chapter, 
demonstrated that, the optimum decision regions were 
complicated and difficult to implement in logic. Therefore 
in this section, modifications to the optimum decision 
regions analyzed in section D will be presented in order to 
obtain simpler decision regions that would vetimately result 
in similar logic implementations. Obviously performance will 
be degraded since the simpler decision regions are no longer 


optimum. 
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The decision regions of the signal constellatioan 
illustrated in Figure 2.9 are modified as illustrated in 
Figure 2.16. Observe that all signals are recovered By 


Simple phase measurement without regard to their energy. The 


A R 
parameter D = ————— has been expressed in terms’ of 
1/2 
(N /2) 
0 
A 
Signal to noise ratio and the parameter ¢° = ae in the 
eee) 


previous section. Recall from Equation 2.57 that 


1 2 


D= --------- = (- ¢’ + (2 — ¢’ eRay 2). 


The region associated with the determination of Pri c/s, (t)> 


is shown in Figure 2.17(a). The probability of correct 


decision given that Ss, (0) was transmitted can be expressed 


with the aid of Figure 2.17(a) as 


£ 4% 4 £ ., — = aoe Bless 
Pric/s, (t) > Pile) rN. Gg (N +R, tan gs N, CN, +R, )tan ag 


— e ae “= 
n, fe (N, 72) 
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Figure 2.16. Signal-Space Diagram and Decision Region 
for MOD.1 





Figure 2.17. Transformed Decision Regions for MOD.1 


in +R onene = EraeN 72) 
i i a a 0 
O (2 N,/2 


By using appropriate change of variables af integration we 


obtain 
@ i -y* 2 7 
Pric/s (t)} = fp ---=---- e % ’“ £1-2 erfc#(y+D) tan—-2-) Idy. 
1 i/2 8 
= (217) 
(276) 
From Figure 2.17(b), the probability of making a correct 
decision Given that Ss, (t) was transmitted is similar to 


ai + c/s, (t) x5, except that BY must be replaced by Ro» where 


SS = Ro eee fs 
Let 
A iN 
i ace iaee 172 
(N. /2) 
so that in terms of signal to noise ratio and ¢ , we have 
A R : ; 
H = mannan, ogee (2, ey Re) C77 
(N. /2) 
and Prt c/s, (t)3 is 
; | re "7 
aes Se) — = Eiee2 er fe*ey+Hytan—=—) ldy. 
: aot rp 8 


7 3) 


From the symmetry of the decision regions and assuming all 


Signals to be equally likely, we have 


Prieta — C Prftc/s, (t)s + Prf{c/s, (t)s J (2.79) 
so that 
1 ict -y" /2 T 
Prfe} =1- —=-€ pf ---=---- e ” C1-2 erfc#(y+D) tan—-2-)] dy 
Z 1/2 g 
=) (27) 
@ pee 4 
+ p cooe==-— 2 Y (= 21-2 erfeety+H)tan--— eee 
1/2 8 
att (21) 
(2.80) 


The performance of this receiver is plotted in 
Figure 2.18 -in terms of the probability of error versus 


Rd (SNR) for various values of ¢’. For ¢’=0, ee = and the 


resulting performance is equal to that of the 8-PSK 
receiver, as expected. However we can observe that Prics 
increases for fixed values of Rd as ¢’° increases. This is 
partly due to the fact that the decision regions are not 
modified as ¢° changes. Furthermore, as ¢°3 1, four out 
eight signals once again cluster around the origin resulting 


In very poor performance. 
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2s, Modification. 

The decision regions of the signal constellation 
illustrated in Figure 2.9 are modified as illustrated in 
Figure 2.19. The parameter a controls the size of the 
decision regions to some extent and can be set as a design 
parameter to be optimized for minimum probability of error. 
The decision regions can be redrawn in order to determine 


The probability of making correct decisions given that Ss, ¢t) 
or Ss, (t) were transmitted. This is illustated in Figure 


2.20. From Figure 2.20(a) we can determine Prtc/s, (t)3 by 


evaluating 


R R 
2 2 
Prete/s “t)) = Prmetgn, > \=4> 42-43 g MD Nemes . 
: —— Nee ; a 
= Cerfc*e( —-aA --F-5, a (Se 
(2) 
where 
mr = ___ = =< = = 
a en 


Referring back to Equation 2.40 and the discussion 
Preceding that equation, we can expect a Similar result here 


for Prfc/s, (t);. Comparing Figure 2.20(b) with Figure 2.4(b) 


the similarities are obvious while the differences are only 


the parameters, A, Rio etc. Thus, 
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Figure 2.19. Siqnal-Space Diagram and Decision Regions 
for Multi Amplitude MPSK MOD.2 
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Fiogure 2.20. Transformed Decision Regions for MQD.2 
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(eee 1 iyi /2 
Pri{c/s, (tis = aft i eS Gre 6 cr 
= (21) 
Ci-2 erte*(ye0) ) dy er te eas O teeny ---_-— ) 
(2). 
H 
C 1=2 366 fer ea.) ————— )] (27.020 
Lf2 
ap 
and finally 
Prics = -2- c 4 Pric/s, (t)3 + 4 Pric/s, (t)> J (2. Gey 
so that 
Ete? 5 eee eee — Cc erfe* (SA 2a y 144 
2 7 
(Zz) 
—D+¢i-q) (H/(2)° 77) ye 
f ae eS Y * €1-2 erftcety+p) J come 
=) (21) 
H H 
ernfe = (et he ane — Sem TS: )E 1t=—2ieete aD 72 ae 3 
(2) (2) =a 
(2.84) 


Figures 2.21 through 2.27 illustrate the performance 


of the receiver as the parameter a changes for various 
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values of the parameter ¢' amd Rd. Setting a = .3 when 
foe «2o7l results in a performance similar ta that 
encountered for the so called "Box" signal set. This can be 
confirmed by observing the plots in Figure 2.25. For 
purposes of comparison, the performance of the optimum 
receivers discussed in Section D is plotted along side the 
performance of the modified receiver discussed in the 
previous section, as shown in Figures 2.21 to 2.27. The 
results demonstrate that the suboptimum receiver using 
Simple decision regions based on phase measurements exhibits 
& significant loss in performance. 

For the modification discussed in this section 
however, when a4 takes on the value of 0.5, the performance 
of the epeoeauat receiver is almost identical to that of 
the optimum receiver. Figure 2.21 shows that the suboptimum 
receiver with rectangular decision regions (for ,a=0.35 and 
e°=0O.0) requires 90.35 dB more SNR than the conventional 8-FSE 


scheme in order to achieve an error probability of Tow. 


The suboptimum receiver utilizing the decision regions shown 
in Figure 2.16, exhibits better performance than the 
suboptimum receiver utilizing the decision regions shown in 
Figure 2.19 when a -# 0.3 for values of ¢’ up to o's O.4. 
Figure 2.25 illustrates that when ¢‘'= 0.4, the performance 
of suboptimum receiver utilizing the decision regions shown 


im Figure 2.16 is almost identical to that of the suboptimum 


7 


receiver utilizing the decision regions shown in Figure 2.19 
for ,a=0O.3 and 0.7. The former suboptimum receiver exhibits 
degraded performance in comparison to that of the latter 
suboptimum receiver far a=0.35 and 0.7 as ¢'° increases beyond 
the value of 0.4 as can be verified from Figures 2.26 and 
2.27. [t can be observed from Figure 2.27 that fcr ¢ —2e8-ee 
performance of the receiver analyzed in this section is 
approximately Similar to that of the optimum receiver for 


A = 0.3, 90.5, and QO.7. Figure 2.28 presents plots of FPrit¢; 


for various values of ¢°’ when a = 0.5. 


F. PERFORMANCE ANALYSIS OF QPSK AND (4+1)PFSK. 

In this section, a modification of the well-known QFSK 
suqmaitd ene cee is presented and its performance evaluated. 
Figure 2.29 shows the signal-space diagram of the OPSK 
scheme, and the optimum decision regions. Evaluation of 


Prf{c/s, (t)s can be accomplished by analyzing Figure 2.29 and 


observing that 


/2 2/2 , 
; N, 2 =(E 72) > 
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Figure 2.29. Signal-Space Diagram and Decision Regions 
for @QFSK Modulation 
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c ertese = Cre 7 oie ae 


i 1 
= 1-2 erfcxt(Ra/2) ee E erree nd 2 ee 


in which several appropriate variable changes have been used 


to obtain the final form of Prfic/s, (t)s. 


As noticed earlier, the symmetry of the decision 


regions, and equal prior probability of each signal result 


in 
Pe{ ¢} =Pric / Ss, (t) 2 
so that 
A 
Piet ee) ta Eee a 


/2 2 


je) f eR reeRe) | 2am (2, 8ap 


1 
2 ertee tine, 2? 


Now, a modification to the OPSK scheme is introduced by 
allowing the presence of one more signal at the center of 
the siqnal space diagram, as shown in Figure 2.30. 

The average energy of the signal set can be expressed as 


follows 


E = -2- [ 42° ¢6 90 os (2.8m 





Figure 2.30. Signal-Space Diagram and Decision Regions 
for (4+1) PSK 





Figure 2.31. Transformed Decision Regions for (4+1) PSK 


ao 


so that the radius R can be written in term of E as 


R 2 Sse 7 ee (2.88) 


The decision region for the signal s, is itllustrated in 


Figure 2.31 va), Seeenae 


Pric/s, (t)2=Pr¢-(R/ (2) “*) <N <0, Ne =(N, #(R/ (2° 4? 93 


+ PU Nie (Zour 
4 (o)i 7? 2 
The first joint probability in Equation 2.84 becomes 
: 2 
0 i —n, 72¢N, 72) 
So town ten - 
2 
(Ro (29 N/2))”? 
2 
@ —n_ /2(N. /2) 
go”. eens 2? * ~ tan aa 
ic) 
—(n, +R/(2)" “*) (29 N72)" /? i 
Oo 25 
1/2 a -----4--<7- e ” ta erfexty+(S5Rd/8) °°" ogee 
=-(SRd/8) C2? 
(2 3 FOR 
ne a 1/2 
where the variable change  ----==— —=~- =y and R=(SE/4) 
(eye 


84 


have been used to obtain Equation 2.90. The second joint 
probability in Equation 2.85 can be expressed by using a 


Similar change of variables in the following form: 


_n* /2 “A 
Bye Nee) 


oe 
fo tee ee ea------ e 
lo (29 N/2)*/? 
2 
wo —nm /2(N_ /2) 
5 pe ee e * : dn dn = 
i 
meyezy (29 N/2))”* ; 
= -b- erfce*(- (sRd/a)'’? >», (2.91) 
Finally, 
O 2 
_ “2 
Prf{c/s- (t)}= Wes ---+-s=e a eee sma a) ) dy 
' —(SRd/8) (2a } 

+ -k--ertcx( -(sRa/a)?/? ». (2.92) 


eo 


As can be seen in Figure 2.50, the decision region of 


signal s, is)6|6ltthe)6uainside of the Square shown. Due to the 


symmetry of the decision region we see that 


R 
/ w — Pe Se ee ee ie = Ss a = ae y a 
Pric/s, (t)3 Gage =< Nc 0 < N,< we 7a 


4/2 


(SRd/8 2 
-y /2 {2 
=4 ff - 222 e” as x er #c* (-y+(SRD/8) ) idy 
/23 a 
O (21 5 
(2. 7S 
so that 
Pies =i oS = C4Pric/s, (tds ee ah ara say ol 1S 9 ee (2.5948) 
wd = 
or equivalently 
. a 2 es 
Pei G. = je = =a a ae e ” te Ci-erfc*(y+d) 1 Gye 
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: =c (21) 
1 2 1 yee 1 
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where d = (sRayay’/?, 

The performance for the QPSK and the modified OFSE. 
scheme is plotted in Figure 2.352. The FPri{¢3s degradation 
associated with the modified scheme for a given SNR (Rd), or 
equivalently the increase in the SNR required in order to 
maintain a specified Prf{¢s is caused by the modified scheme 
having a smaller regions of correct decisions. This can be 
seen by comparison of the decision regions shown in Figures 

2.29 and 2.3i¢€a). We also note that the increase in SNK 


required to maintain a specified FPri¢g) becomes smaller for 
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Pri es. 3 Vom The modified signaling scheme requires 


approximately 3.25 dB more SNR than the OPSK in order to 


achieve Prig¢gi = 10°” while only 3 dB more SNR is required 


fe maintain) eros ones 
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III. PERFORMANCE ANALYSIS OF QADRATURE AMPLITUDE MODULATED 


(QAM) SYSTEMS 


A. RECEIVER PERFORMANCE FOR 16-@GAM 

The signal constellation of the Quadrature Amplitude 
Modulated signaling scheme involving 16 signals is shown in 
Figure Sel along _ with the optimum decision regions 
associated with each signal provided once again that the 
Signals are equally likely to be transmitted and that they 


are received in additive white Gausssian noise. 


As can be seen in Figure 3.1, signals S.9 S,> S47 and 
Es 2 = 2 2 : 
Sys each have energy (3 AD + (3 AD = 18 A , while signals 


Ss each have energy Pee ae = Zs a® Finally 


ee =e 7 23447 214? 

signals S72 Sy* S,° Sis? Sin? Sy0? Siz? Se each have energy 
zs, 2 2 2 

(3 AD + A= 10 A. ASSUMing that all signals are equally 


likely to be transmitted, the average energy of the signal 
set is 


mee iar 4ciioo a) + 4(2 A) + 8410 4°) 3 = 10 & CS.) 


so that in terms of E, the parameter A can be expressed as 


Ae (eae one (3.2) 


eo 





Pure aS sols Signal Constellation and Decision Regions 
for 146-QAM 
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The decision region associated with the determination of 
the probability of correct decision given that signals So 
ee? So or sS,, were transmitted is illustrated in Figure 


Seeta). From Figure 3.2(a) Pric/ S$, 4602 can be calculated 


Pr{C / s(t)} = Prt-A <N 4 -A SN} 


= ) aa exp{-n) /2(N/2)} dn, J 


{f erfcktl— -<------- De Te CS) 


Equation 3.3 has been simplified to its final form due 


to the fact that N, and s are statistically independent, 
zero mean, N,/2 variance Gaussian random variables. 


Figure 3.2(b6) shows the decision region associated with 
the determination of the probability of correct decision 


given that the signals s = S and s were transmitted. 


6” =e" =164 1 ¥ 


It can be seen that 


Pric/s, .(t)} = Prt-A < Nic A, -A < Nig A? 


ve 


2, 
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2 
o —n /2N_ /2 
— ee es Sf ----+----~ ,, @ 1 0 ae 1° 
O (2y N, 72) 

= 40 -5- - erfc#(A/(N/2))“* oP. (3.4) 
Finally igce is ct) can be easily evaluated from Figure 
3.2(C), namely 
Pr c/s,, (t) +> = Prt -A < Fe ; =A x N,< A } 


@ 
1 
= | nS 2 
=A (2 N, 1 ae 
2 
4 = eye CIM 7a) 
fe = = : ; aim am 
<i CaN 72) ae a 
= erfc*(—- ----9--2) £1-2erfc%(- ----8--— 1, 
(N) /2) = [N72 
0 0 
Sea 


Thus the average probability of correct decision is given 


bY, 
is te ree %, tS , % f %, 
Pri{cij= 16 t Fer tC 7 Si Cee ote RSG / Set) o + 8Pric, S,,'t)eJ 
(3.6) 
so that 
A 
Pr{g¢} = 1-Pr€c3} 


i 
={- C ~2— eK fCe CRE lOnme sea eee 


erfext—-(Rd/10)°/?) ¢ -2- - erfex¢(Rdsio) “* » 3 + 


-3- C error (Remora 5) (2g 


where Equation 3.2 has been used in order to express FPrig¢s 


im terms of Rd, the signal to noise ratio, defined as 


The performance of the 16-QAM receiver 1s compared with 


that af a 16-PSK receiver by plotting Frt¢s given by 
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Sam@actionmn 2.51 with M = 16 together with Prfles given by 
Equation 3.7 and presenting the results together in Figure 


Je 


a) oe 
e 


From this figure, we note that i1f Prt{¢gs = oon is 


desired, then the required SNR that yields this level of 
performance is 22 dB for 14-@AM and 26 dB for the 16-FSK. In 
order to understand the superiority of 16-QAM over 16-FSK 
consider an M-ary PSK signal set with equally spaced points 
on a circle of radius R in which the distance between 
adjacent points is 2A, where the parameter A corresponds to 
that used in the signal constellation diagram of the 16-QAM 
Signal set shown in Figure 3.1 (Ref. 3] (see Figure 35.4 
also). The angular distance between adjacent points for MPSK 


is 27/M. It is required that 


R = SCM) S a (for large M) 


In order to obtain the 2A separation between two adjacent 


points as shown in Figure 3.4. Therefore the average energy 


for M-ary PSK must increase as (Ms 7° In order to maintain 
the same Prte¢e} performance as M increases. When the average 
energy of the signal set is fixed so as to be able to 
compare system performances, the distance between adjacent 
Signals become smaller in M-ary PSK than that encountered in 
the QAM case. Thus Prt¢s increases for M-ary PSK in 


comparison to that for OAM. 
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Figure 3.3. Pr{s} Performance for 16-QAM and PSK 
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Figure 3.4. Signal Constellation for 16-PSkK 
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B. RECEIVER PERFORMANCE FOR 64-GAM AND 2546-@AM 

The concepts of Section A are now extended to forma 
Signal constellation of shape Similar to 16-QGAM except that 
now four times as many signals are used, thus forming a 
Signaling scheme called 64-QAM, as diagrammed in Figure 3.5. 
The 64-QAM signaling scheme can be further extended ina 
form Similar to that used to generate 64-0AM from 16-CAM. 
This: results in 254-4aM, and its analysis as will be seen, 
1s no more difficult eae that for 16-QAM or 64-QAM. This is 
because in 64-QAM and 256-QAM we have three different types 
of decision regions of the form previously analyzed in 
Section A of this chapter. All signals are assumed equally 
likely toa be transmitted and their energies are given in 
Table Sel for 64-QAM. Signal energies can be easily 
determined from the Signal constellation diagram as 


illustrated in Figure 3.5. 


From Table 3.1 the average energy can be calculated to be 


E = -z5- E 4(2A°) + B8(100") + 418A eee esa elon aaa 


+ 12(50A°) + @(580°) + GC 74ane acon ear (Suen 


Thus we can express 


’ A = CE aa) (S32 


ve 





Figure 3.5. Stiaqnal Constellation for 64-QAM 


ad 


TABEE Sui 


ENERGY GF THE SIGNALS IN 64-@QAM 


BO e . 24. 
aol, 52, 


19, 23, S55, 51 
26, 12, 16, 
62, 48, 44, 







Signal vectors in Figure 3.5 can be grouped according 


to the type of decision region associated with each signal. 
[If we label the decision regions shown in Figure 3.2 as Type 
I, Type TI Be Type [II, there are 4 signals with decison 
region of Type I, 36 signals with decison region of Type [II 
and 24 signals with decison region of Type III in 64-04AM. 
Therefore, there are three basic probability of correct 


decision expressions to be developed. These are denoted by 


100 


meer ls, eR ecCe Lis. | 6FPric/I Its so that the probability of 


error 1S given by 


Price} =1 - -25- Meee ee eee eee ars oey Iti? 4 
Cour Oo 
Since Mime. Ser ccs iis eUmvGl ale eee: are qiven by 


—- 


Equations 3.3, 3.4,. and 3.5 respectively, Equation 5.10 
yields 


/2 . 


Pr{ g¢ 3 = 1 - -=- -3- C erfcx( -(Rd/42) ’*) 3° 4 


i 
4 


9 -S- erfc*((Rd/42)°/7) 7" + 


aS 


/2 


i z 
3B erfce(-(Rd/42)°/?) ¢ -b- - erfcwccRds42)'”* 53 


ses int) 


The same methodology used to obtain Equation 3.11 can now be 
applied to 256-0AM. First, the average energy of the signal 


set is given by 


so that the parameter A becomes 


101 


Equation 3.10 now becomes 


Pres) =e — “3557 f 4Pric/is + 196Prte/ iis + Sé6rr G7 eee 
(Sra 
which in terms af signal te noise ratia becomes 
z 7 1 2 1 2 
Prue? = le =a "387 Cerfcekt(-G) i tee Foi erfc*¥(d)] + 
erfe*(—G 7 e.L -+- — erfer td) 93 } (3 .S7) 
where 
A 4/2 
d =----- Ao = = (¢ ->=E5- Rd ) aa (2.16) 
(N /2) = 


The results of Equation S.11 and 3.16 are graphically 
displayed in Figures 53.26 and 3.7 respectively. The 
probability of error performance of 64-PSK and 256-PSE are 
also presented in these figures in order to be able ta 
compare the GAM schemes with the equivalent FSE schemes on 
the basis of similar SNR. 

The difference between M-ary FSK and GAM signaling 


scheme becomes more significant as M increases. The required 
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values of Rd are obtained from Figures 3.3, 3.5 and 3.6 for 
Pris3; = yi and displayed in Table 3.2 for M = 16, 64, and 


256. For further purposes of comparison, the performance 


TABLE S.2 


PERFORMANCE COMPARISON GF M-ARY GAM AND PSK 
ORs iiss se — ee 


> ee ee ee ee ee eee ee eee 


| Rd (dB) 
fom oto. 
: GAM | PSK | 
ito os io 
(Aa (sues tag 3 
1 254 | 36 (52 | 


of M-ary GAM and PSK schemes for M = 16, 64 and 2356 are 
Plotted together in Figure 3.8. We observe that for large 
Values of M ( M » 4), about 6 dH more SNR is required to 
maintain the same error probability for each doubling of 
signals. Furthermore, the SNR difference between GAM and PSK 
modulations for a fixed Prt{¢gs value, increases as M 
increases. Clearly, GAM 1s arelatively efficient signaling 


scheme composed to M-ary PSK. 
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Mve FERFGRMANCE OF A 15-@AM RECEIVER IN THE PRESENCE OF 


JAMMING 


In this section, the vulnerability of the 16-QAM 
sigmaling scheme is analyzed by assuming that the optimum 


receiver built for the reception of the 16 QAM signals in 
additive WGN now encounters jamming in the oem of an 
additive colored aeacien nGicener cesses Because of this, 
the vectorial Signal representation and corresponding 
geometric approaches used previously are not directly 
applicable to the analysis of this) problem so that 
mathematical Signal and noise representations become 
nmecessary. fhus, the waveforms in the 16 QAM scheme can be 


expressed in the form 


= “” ‘ " es 

xt) A,m, (t) cos (2nf t + gy) + A,m, (t) sin (anf i,t + x) 
(4.1) 
where Be ae Q@,« is constant and m, (t) as well as m, (t) 


are digital signals of duration T second. Specifically 


m, (t) =+i1l,+ 5 
over T sec. (4.2) 
m (t) = +1 ,+ 53 
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If we define 


cos(<nf it + w) sint2mf t + x) 
b.¢0): = ===>] = a 7 ¢o. (= + ee 
Eppa = : Cee 
the 16 signals Ss, (t) 1 = 1, 2, .~. .«. » 5, 16 Can Ge Expresees 
as 
1/2 , ; 1/2 
Ss. (t) = AC(T/2) m, (t) $, (t) + AC(T/2) m, (t) 6, (t). 
(4.3) 
Defining 
een ae 

we obtain 

Ss, (t) = A m, (t) p, (tb) + A m, (t) >, (t)- (4.4) 


The signal constellation diagram associated with the 
16-GAM scheme has been given in Figure 3.1. The probability 
of error of the 16 QAM signaling scheme assuming each signal 
is©6— fC equally tlikely to be transmitted and 18S received in an 
additive white Gaussian noise interference environment is 
presented in Chapter ITft!. The 16 GAM receiver structure 


shown in Figure 4.1 is optimum in the minimum probability of 
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er 


error sense when the transmitted signal is corrupted by 
additive white Gaussian noise only. 
The vulnerability of the receiver shown in Figure 4.1 is 


now analyzed by assuming that 


y(t) = 5. (t) +n (t) + n_(t) 
1 we ce 


i = 2) 2a ee sete (4.5) 


where n_¢t) models ._ colored Gaussian noise, having power 
spectral density Sf). In Equation 4.5, nt) represents 


the zero mean white Gaussian noise having power spectral 


density level N, 72 Watts/Hz. , which 1s independent of the 
colored Gaussian noise nt). The receiver of Figure 4.1 


makes decisions based on the computations 


= —- = 
A e Cs.,$, (0) + 5,6, (t) + m (t) + m_(t)] 6, (tddt 


= s iin +n 
11 wi ci 
and (4.6) 
= t. ‘ + + = 
y= S ES a5 (6) tS CE) ea ea 
= 5 ein —on 


where Equation 4.6 has been written under the assumption 


that the ith signal Ss, (t) is transmitted. We define 


wi W 


SS els (4.7) 


e} r Cc 


Observe that conditioned oan 5, (t) being transmitted, a and 


y, are Gaussian r.v.‘°sS with 


A A 
Ety, 5; = ar = ams ; Ety, 5 = se = S35 (4.8) 
and 
Var ¢ nie : =— 6. tin + om i pie oC Ga cemteee S e > 
ee St ed al J a se v ea 4 
(4.9) 
Var wa = . =E {tn +n y? eo Come > +E ¢ : . 
ao Fe we ce : we - Mce 7 


where Equation 4.9 has been obtained in simplified form 


because me and ne are statistically independent random 


Variables. Furthermore 


(4.10) 


We first observe that. 


Lf “a = a“ * 
Ec eee Et fm (te) (to ce Pao mmr! 
bf T 
“Ss EC mt) miCedd o Ct) 6 Ce) dt dr 
=ppNn /2 ¢ (t — -) , (t) (7) dt de. 
0 kK 1 
T 
O _ k =a 
= No | by, (7) >, (vr) dr = 
r N /2 » kK = 1 
(4. 0 
so that 
2 2 | 
= haa pum ee. on 5 = N /2, (4. a 
wt wi 0 
and j 


Now 


me nt = Et fF m_ tt) @ ft) dt fonts) $4) dr} 
T T 
=f - ee nt) fo OSU S $ (t) $, (1) dt dr 
=p p K (t - 7) o (t) 6 (yr) dt dr (4.13) 
T & a 2 


where K (bt) 1s the inverse Fourier Transform of S{Ff), the 


colored noise FSD. 


Let 


, ¢t) : Oct <T a Sct 2 
. (t) = 


3 O ‘ otherwise 


so that 


Expressing Equation 4.13 in terms of frequency demain 


functions, we obtain 


eles 


= ee ome d#] p(t) & (7) dt dr 
—@D — wD 

o Oo , er, oOo , ee 
= fs StF) S b, (bre * TF Sat JS ,(b) a 0 ae dt 
— © = <x —- wD 

@ e e 
=) foe? s (+) (4) ate (4.14) 
ae §, 


In Appendix A, it is demonstrated that based on the result 


Of Equation 4.14, 


so that the components of the colored noise along the 


dimensions $, (tb) and ace are uncorrelated. Due to the fact 


that ae and nN, are jointly Gaussian r.v.'s, they are 


statistically independent. It can also be shown that 


wm 


f SCE) pee) each 


mM 
mn 
je 
us 
il 


5 = (4.15) 


Because of the relationship between 2 i £*) and S, CE nee lc 


is clear that 


B, (—# ) d, (#) = 2, (—#) S, C+) (4.16) 
so that 
fh 
Bion > =f fm > = «= (4.17) 
et c2 e 
Therefore 
Ms i Si4 
De oe aa (4,18) 
2 = 2 ee i a 
a4 ve N,/= ot 5 
Beal as Se ye Ce =o. 


The last equality of Equation 4.18 shows that the r.v.'s y, 


and a are oumcorrelated, so that we can express the joint 


probability density function of we and Y, as 


—(¥ - m)°/2 5° ee ne 7 Zee 
4 1 2 7 
yty2 2 1" ere F9 
(4.19) 


iss 


The probability of making a correct decision, given that 


Ss, ¢t) was transmitted, namely 


c jyRo = z a > ae 
Pric/s, (t)3 Pret is as Lu : Lwis Ya Uy (4.20) 


can now be determined by using the signal constellation 
diagram of Figure 3.1, in order to set the limits on the 


rave SS he and ae From Equation 4.19 above, we obtain 


2 2 
L —-{Y —-S. ) /2¢(t(N. SZ) 
i 
Pric/s, (t)s =f ee : : aca 
Ly C2TC(N, 72) +6 ) 
L et en /2) eae 
2A) gers ee e oie 0 CY 
2.4/2 2 
a) + 
ie (2 CON, /2) rae 
(4.28 
and letting 
A oe 
. * 4 (1a 


1 
(Ny Zee 
9 : 


as well as 


a (4.23) 


Equation 4.21 becomes 


Pric/s, (t)3 a oS e ” dz Lo). aa = dw. 


(4.24) 


The limits of integration specified below, namely 


mae ae ae 
me ay a (4525 
CIN /2) +6 ) 
a ; 
a aa-$8--- 25 -— a (4.26) 
"? 
( (N72) +6) 
> 
il 1 
9, = en. awe (4.27) 
CCN, /2)+¢ ) 
a 
Lu 21 
Sm wn wn ee ee a ae 
Fu Fie (4.28) 


Mn) G5) 
0 Cc 


depend on which signal Ss, (t) was transmitted. Since sixteen 


different signals must be considered, tables have been 
eater oe ee ne the limits of the integrals for each of 
the signais. Tables 4.1, 4.2 and 4.3 list all necessary 
variables in order to calculate the limits of Equation 4.24, 
by using Equations 4.25 through 4.28. These tables show that 
again, three basic probability of correct decision 
expressions associated with eees different types of 


decision regions must be considered. 
TABLE 4.1 


LIMITS FOR BEECISTON REGION eo 


| -sa | n= | -20} 2 | ave 
—3A —2A A/ & 
Ey jan} far] a 
Ee | == | -20] -e | ave 
3A ZA , —A/ 6 
jane bare 


For any of the signals in Table 4.1 being transmitted, 
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TABLE 4. 


Saeror PON t ten ReGleM TYPE fT 


ee 


a Peer 

© | ne | 2a} ne | ove 
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- [EEF 

ral, —-A/st A/s 
Sofa 


For any of the signals in Table 4.2 being transmitted, 
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TABLE 4.3 


LIMITS FOR DECISION ReEt Gh See 


= cae 
—2?A pol A/ 5 —A/ 6s 
O po} A/ 5s —A/ 5 


For any of the signals in Table 4.3 being transmitted, 
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Pr{c/III+ = Ci —- Berfc#(--------- se 8 
CON, 72) 46.) 


z 
From Equation 3.2, we have A = (E/10) ee 
so that 
A 
17 
d = -----8---=-==- — C aL ET a SS 2 ate aan aee el > [a> Ee an 3 : 
CHINE 7 2) ee) 10° CN. 72) 4 eee Ne) 
0 e 0 Cc 0 
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oe | ee ea ee eee oe oe Rd am amas tania mma ome aa 4 fe nar) 
Ome ER Gi Ea he 


where 
Rd = ain :; Signal to Noise Ratio (SNR) 
oO 
and 
2 
Q& 6 
Rj = =oF :; Jamming to Signal Ratio (JSR). 


Thus, since each signal 1S assumed equally likely to be 


transmitted, we obtain 
Pr{c3 = 1/16 €4 Prfe/I+ + 8 Prfl{c/II> + Pric/III3]I CAS) 


so that 


A 
Pr{¢es = 4 - Prics 


=i - (1/4) € Cerf*(d) 1+ 2 erf*(d) C1 - Zerfe*td)] 
+ C1 - Zerfcx(d))* }. (4.34) 
Observe that if jamming 1S not present (Rj = 0), then 


4 
Tepeeeaeeien 4eS20)9d = «Rd710) °°" so that Equation 4.354 


becomes identical to the expression for the performance of 
the 16-GQAM receiver operating im the presence of additive 
WGN only (Equation 3.7). Furthermore, as Rj 4 wo, for fixed 


Values of Rd, then d 3 0 and we have 


cee 2 eee 
Pricd = == CCl 72) Gene aes 


which is the minimum value for a set of sixteen equiprobable 
Signals. 

From the point of view of the jammer, it 1s desirable 
to maximize Pres with minimum or at least constrained use 
of jammer -power. Such optimization will now be considered 
by first investigating the dependence of Frigs on the 
parameter d. 


Observe that 


Lj 22 eee nee 
ae 4 2 erft*(d) ao erf#*#(d) + 


2 erf*(d) ae ee erfc*(d))+(in2 erfes (d))i-#2-(er exci 
0 


2(1-2 ee) rece erfex(d)) t (4.35) 
a 


Taking the derivatives by using Leibnitz’s rule, we have 


2 
oe f %. ie — 
Meme es = | Hk Pe ees ete (dd) 3 (4,36) 


From the above expression observe that the term in the 
bracket 1s always positive since dis a positive quantity 
and erf#(d) takes the values between 1/72 for d = O, and 1 


for d 3+ m.fThis proves that 


oes L 
3d Pri cs 2anO 


which means that Pri{¢} is a monotonically decreasing 
function. Therfore in order to maximize Pri{si "dd" must be 
made as small as possible. Making Rj as large as possible or 


equivalently, o as large as possible resultS in the 


smallest "d" and the greatest error probability. 
Recalling that 
@ 
2 


SCR es? GA ek 


a 
n 
ll 


in order tG maximize o- aS a function of Sutff), By the 


Cauchy-Schwarz inequality, we have 


@m @m @M 
fp Sif) a CF) oct rciceee, S*(#)d¢ 5S Bcf) df]? 


nM 


/2 


(4.37) 


with equality 1 and only if 


, 2 F 
Sif) =a B. (4.358) 


We must select « such that the power constraint is 
Satisfied. A constraint that would always have to be obeyed 


is 


Pf Sao (4.39) 


wo 
which holds provided. f S (Ff) gf < aw 


-—-@® 

Equation 4.34 provides a iat ne nenleen result on the 
performance of the 16-QAM receiver in presence of WGN and 
colored Gaussian noise jamming. Graphical results on the 
performance of a 146-Q@AM receiver in the presence of jamming 
are presented in Figure 4.2. Plots of Pri¢gs were computed as 
a function of SNR (Rd) for various values of JSR (Rj). The 
JSR=0O case 15 included in order to provide a Basis for 
comparisons of the jammer effect on the receiver performance 
as it relates to additive WGN only interference. From Figure 
4.2, it can be noted that 18.5 dB SNR 1s required in order 


to obtain Pr{¢} = 107° at a JSR value of zero. In 


comparison, it takes approximately 24 dB of SNR to obtain 
same Pri{es for a JSR=-20 dB. When the JSR is greater than 
-10 dB, Pri¢gs cannot be reduced below the value of 0.3 even 


for SNR=48 dB. 
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V. CONCLUSIONS 


The first part of this thesis presents a review of 
Signal-space methods of statistical communication theory 
which lead to the design af optimum (in MAP sense) 
receivers. fhe results were applied to the design of the 
well-known MPSK receiver and its Seiiar mance in terms of the 
receiver ee sae probability of error was obtained under the 
assumption of signal reception in the presence of additive 
white Gaussian noise. Some modifications to this signaling 
scheme (‘for M=S) were then examined. First a signaling 
scheme which has been labeled as the “rectangular” siqnaling 
scheme because of the miwsesa: GE its signal space diagram was 
considered. Next, a 7+1i signaling scheme in which 7 signals 
are phase modulated and 1 signal is identically zero was 
analyzed as still another modification of the 8 PSK scheme. 
The results for probability of error on the basis of equal 
average signal energy showed that the modified signaling 
schemes tend to perform better than the S-PSK scheme. From 
Figure 2.8, the 8-PSK signaling scheme can be seen to 
require QO.8 dB more SNR than the rectangular signaling 


scheme and 1.8 dB more SNR than the 7+1 signaling scheme in 


Order to achieve an error probability of iO. However, this 


heed 


performance improvement 1s obtained at the expense of more 
complicated decision logic that the receiver must implement. 

Further modifications to 8-FPSK modulation that invalved 
combined Signal amplitude and phase modulation were 
considered . One such modification shown in Figure 2.9 was 
analyzed for various values of the parameter ¢ which 


quantified the difference between two signal amplitudes. 


When g¢‘'¢( = ——-—i-—— ) is zero, all signal amplitudes are 


identical resulting in the conventional 8 FSK modulation 


scheme. The derived error probability result for arbitrary 
Values of ¢’ (see Equaion 2.73) yields the result of Equation 


2.50 when ¢°= O. For ¢' equals to 0.2391, the signal 
constellation diagram takes on the shape of that of the 
rectangular signaling scheme, and it 1s demonstrated that 
for this case Equation 2.73 becomes identical to Equation 
2.41. The modified scheme that includes both signal 
amplitude and phase modulation tends to yield system 
performance, hie ie, lower Pr{¢s inm comparison to that of 8 
PSK for values of ¢’ up to approximately 0.4. Ferformance 
curves are presented in Fiqures 2.14 and 2.153 for different 
values of Peat They demonstrate that as ¢’ continues to 
increase, the overall system performance deaqrades severely. 
This 15 caused by the fact that as ¢° continues to increase, 


four out of the 8 transmitted signals become "bunched" 


» 


eS 


together in the Signal space diagram making their 
discrimination increasingly Gi rriewlt. S further 
disadvantage of this: scheme (even for ¢° <« 0.4) is the 
extremely complicated shapes of the optimum decision 
regions. In practice, it would be very difficult to 
implement the decision logic necessary to discriminate among 
the transmitted signals. This motivated a reevaluation of 
this signaling scheme in which simpler (however suboptimum) 
regions were assigned to each signal in such a way that 
implementational difficulties could be overcome. Two such 
modifications were considered. The first modification 
assumed that all signals could be recovered by simple phase 


measurement without regard to their energy. This lead to the 


decision regions shown in Figure 2.16. The second 
modification established rectangular decision regions 
Similar to those used for the "rectangular" signaling 


scheme. A parameter a was introduced in order to be able to 
control the size of the rectangular decision regions. The 
presence of this parameter a makes 1t possible to optimize 
(in principle) the (suboptimum) decision regions. Figures 
2e2i thru 2.27 present performance curves for both modified 
schemes as well as the optimum scheme for different values 
of eo and qa so that performance comparisons can be carried 
Set. sf Or ¢° = O, simple phase measurement decision regions 


as shown in Figure 2.14 are optimum and the performance of 
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the modified receiver 1s equal to that of the 8-PSK 
receiver. However, it can be observed that the performance 
degrades as ¢’ increases. This 1s not surprising because of 
the fact that the suboptimum decision regions are not 
modified as ¢’ changes. Furthermore, four out eight signals 
cluster around the origin == ¢° approaches 1. Figure 2.18 


demonstrates if 22.5 dB SNR is available, FPr{s+ equal to 


one could be achieved by the conventional 8-PSK scheme, 


5 
while the suboptimum receiver could achieve only Pri{¢i=10 


= —1 
For ¢° =Oo gn et eee a : for ¢e°=0.6, and Pr{¢g7=10 for 
¢'=0.8. 

The suboptimum receiver with rectangular decision 


regions as shown in Figure 2.19 (for a=0.5, ¢°=0.0) gives us 
a chance to cOmpare performances of the S8-FSK schemes 
utilizing rectangular decision regions as shown in Figure 
2.19 with that of the conventional 8-PSK scheme. From Figure 


2.21, the modified scheme requires about 22.8 dB SNR in 


order to achieve an error probability of 10 ° while the 
8-FPSK scheme requires 22.3 dB SNR in order to maintain the 
same error probability. When a takes on the value of 0.353 the 
error probability of the suboptimum receiver is almost 
identical to that of the optimum receiver for values of ¢' 
that are greater than zero as can be seen from Figures 2.22, 


2224, 2.425, 2.26, 2.27. The ¢ =3:2571 Case resules sae 


performance Similar toa that encountered for the 
"rectangular" signal set shown in Figure 2.235. When the 
decision regions are shifted to both directions by changing 
the value of a, Significant performance degradation is 
observed up to the value of ¢’=0.7. When ¢’° takes on the 
values of 9.7 and O.8 the suboptimum receiver tends toa 


perform very close to the level of an optimum receiver when 


C4 


a=0.5, 0.3 and 0.7. We also notice that the suboptimum 
receiver utilizing phase measurment decision regions shown 
in Figure 2.15 yields the same error probability as the 
suboptimum receiver with rectangular decision regions for 


A «= 90.959 at a Saving 1n SNR. | When ¢° = .2, Figure 2.22 


illustrates that the saving in SNR is 2.3 dB for a=0.53 and 


O.7 while achieving an error probability of io” However as 
¢° increases, the saving in SNR approaches O dB. In Figure 
2-259 (for ¢'=0.4) the error probability of both suboptimum 
receivers become identical when ,a4=0.3 and 0O./7. cee 
continues to increase above 0.4 the performance of the 
suboptimum receiver utilizing phase measurement decision 
regions as shown in Figure 2.16 exhibits degraded 
performance in comparison to that of the other suboptimum 
receiver for a=0.5 and O.7. 

Chapter If. concludes with a performance comparison 


between conventional QOPSK modulation and a modified scheme 


in ‘which one extra Signal is included in addition to the 


four phase modulated signals. On the basis of same average 


energy per signal set, the latter has superior performance. 


For example, for an error probability of 108 this scheme 
requires 20 dH SNR while conventional QPSK regqures 17 dB 
SNRs 

In Chapter III, well-known results on the performance 
of M-ary | QAM are presented, as well as performance 
comparisons between, this scheme and MPSK modulation. M-ary 
BAM exhibits superior performance in comparison to that of 
MPSE. Figure 3.7 shows that the performance difference 
between M<-ary @AM and MPSK becomes more significant as M 
increases. MPSK receivers require 4 dB more SNR to achieve 


Bre ion for M = 16, about 10 dB more for M = 64 and 16 


dB more for M = 2356. 

Finally in Chapter IV, the performance of the 16-QAM 
receiver has been derived under the assumption that the 
interference consists of both additive WGN and jamming which 
has been modeled as additive colored Gaussian noise. The 
error probability of the receiver was evaluated for 
different values af SNR (Rd) and JSF (Rj). The results 
demonstrate (see Figure 4.2) that significant increases in 
recelver error probability can be achieved by this form of 
jamming even at relatively low JSR values. Furthermore, it 
was demonstrated that if a constraint is placed on total 


jamming power, rt 1S possible to optimize the Fower 


PZ 


Spectral Density af the colored noise jamming so as to 
oroduce a maximum receiver error probability while 
satisfaying the maximum power constraint. Figure 4.2 
demonstrates that we can not achieve an error prabability af 


iz 


less than 10 “ for JSR greater than -10dB. 


APPENDIX 


DETAILED INVESTIGATION Gh THE PROUDUET Soe a” AND pena 


oe 








Let $, (t) and $, (=) be given by 


cos(2q7 At + x) sint2r7 it + ») 


and define 


A b, (t) o) Omesit” x Ti Re eee 
Py ee os QO », otherwise (AM 
Thus, >) (t) for 1 = 1, 2 can be expressed as 
$/ (t) = p(t) cos 27 ae 
(A.2) 
os {t) = pte? sim 27 7c 


where « has been set to zero for mathematical simplicity and 


p(t) = | | (A.3) 
QO : otherwise 


The Fourier transform of p(t), namely FCF) 165 given by 


Bry) = (T/2)*7? =2i0-1__—- e IMFT ~ ctyay*/?sinct#T) (A. 4) 
so that 
Peet) = ee ot) eee tO 
- 2 0 0 
—jm(f-f )T 
0 
SS en sinc (f-f )T + 
aaa 
e sinc (f+# DT J (A.D) 
and 
2 
: = —-——— i 
B, (fF) PEG oe tg RP SE+E 2 
Sa Ge = ha) 
z 0 
= ss CER), fe C e sinc(f-f JT + 
eae te a 
e sinc(f+f )T e (A. 6) 


Carrying out the product, we obtain 


+ jenf iT ; : =) Sart a 
p f=t? pte = “33 Cc e 3 S_ iS. Sy - e S_S 4 
(A. 7) 
where 
A A 
S. = sinc(f+f OT and > = sinc(f-*,)T (A. 8) 
Through factoring, we can show that 
7 tana Soin a 
5, St) 25 = “35 {i 3S e = Sy 2 | J 
inf iT = J ote 
C Sy 2 [7 J (A 
and expanding each term in brackets results in 
BC+) E Cs) ey mie } (si Sverre )T - 81 Ea ) eae 
B £, = aS j €sine P sinc A 
sinc (f+# )T sinc (f-f OT Ssin(2 wT fo (A. 10) 


and similarly 


Loo 


fy 
— ¢ @ er =i ee * ] = ° 2 ee 
Si-f) = BF) a #)= 3 ‘ j Esime tet oe) V Siinevi + fa 
+ sinct(f-f dT sinc(ft+f )T sim 2 TT eu | (A.it1) 


observe that 
Im < G (#) iss add function 
Re {€ G (#) is even function 


Therefore 


@m © 
ix 3 ¢F) G(f) df = S S_ fF) CRetG (Ff): + j Imi{G(4#)3] dF 
—™ @ —™ OD 
@ 
= iT Sof) Re{G(f)} df 
—=@D 
s O (A. Lo) 
since 


sinc (#-f )T sinct(f+f )T + 92 
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